Moreover, we shall deal with the Stokes problem, where the incompressibility condition has also this form.
Finite element spaces of fonctions, whose divergence exists in the sensé of distributions, and various degrees of freedom (parameters) of these spaces are given in [6, 7, 15, 17, 24] , However, ifwe add the equilibrium condition div a = 0 we get a constraint among the parameters of each element, ie., the equilibrium fmite element method then consists in minimizing some quadratic functional with linear constraints. These constraints can be removed e.g. by the method of Lagrange multipliers or by the élimination of all independent parameters from the set of dependent parameters etc. -see [6, 7, 10, 16, 22] , but this is certainly more complicated than a mere solving of the system of algebraic équations in compatible finite element methods. In this paper we show that the solution of equilibrium finite element models can be obtained also from the system of linear équations with a matrix of a similar size and structure as for compatible models. Solving the system, we obtain the coefficients of the linear combination of basis functions of divergence-free finite element spaces. Let us still remark that the advantage of conforming equilibrium models (used simultaneously with conforming compatible models) is the possibility of a posteriori error estimâtes and two-sided bounds of energy [7, 11, 20, 21 ].
STREAM AND AIRY FUNCTION
Let O c R 2 be a non-empty bounded domain with a Lipschitz boundary dQ, let Qj,..., Q H (0 < H < oo) be all bounded components of the set U 2 [4] ). All vectors will be column vectors. Since there is no danger of ambiguity, the norm, seminorm, and scalar product of vector or matrix functions, the components of which are from H k (Q), will be denoted equally like in H k (Q) and the subscript O will be often omitted, e.g.
In the usualway we define the operator grad : holds for some q e (L 2 (ü)) 2 , then we say that the divergence of the vector function q exists in the sense of distributions in Q and define div,? = -ƒ in L 2 (Q).
Evidently, if q = (q v q 2 f e {H^Q)) 2 then div q = d x q x 4-Further, let us remark (see [8] 
holds for some T G (L 2 (Q))^y m , then we say that the divergence of the tensor function x exists in the sensé of distributions in Q and define Wemoreover define the operator p : ym and let (1.12) be satisfied. We extend xtot = (* u ) defined on the simply connected domain Q o so that Div x = 0 in the whole Q o .
Let ƒ e { 1,...,//} be arbitrary and consider the following Neumann problem of linear elasticity in the component Q-.
Find i/ = 04 4) T such that
where v l is the outward unit normal to dQ t . It is known [20] The Airy function of the divergence-free tensor x is unique apart from a linear function, since if z 1 , z 2 e H 2 (Q) and p(z ] ) = p(z 2 ) = x, then p(z x -z 2 ) = 0, which yields z x -z 2 e P^G). m
CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR THE STEADY-STATE HEAT CONDUCTION PROBLEM
Classically, the steady-state heat conduction problem can be formulated as follows. Find u such that Let us introducé bilinear forms a and b by the formulae
where the inverse matrix A ~l is also symmetrie, uniformly positive definite and from (/^(Q)) 2 x 2 (see [24] , Lemma IV. 2.1). Let us remark that the primai variational formulation of the problem (2.1) for r t ^ 0 consists (see [4, 8, 11] ) in minimizing the functional (2.3) over the space
For the dual variational formulation let us introducé the set (of statically admissible heat flows) e //(div; Q) | fo, grad v) 0 = (ƒ u) 0 + f 0V A VÜ e F j (2.5) and suppose that the compatibility condition
vol. 17, n° 1, 1983 holds if T 1 =0. It is known [11] that Q(f, g) is a non-empty affine closed manifold of (L 2 (O)) 2 and using (1.2), (1.3), and (1.4), one can easily see that q e Q(f 9 g) iff div q = -fin Cl and q T v = g on F 2 . The dual formulation of the problem (2.1) consists in minimizing the functional of complementary energy 1 over the set Q(f, g). This can be equivalently formulated (see also [11] ) as follows.
Given some p e Q( f g) fixed (for the choice of such ~p see Remark 2.5), find p which minimizes the functional over the space
The vector p 4-p is considered to be the solution of the dual formulation and to any p e Q(£ g\ there exists exactly one p, Now, let us corne to the construction of the spaces of finite éléments. For simplicity, we shall suppose from now to the very last that the domain Q is polygonal Let lS h be a set of convex polygons such that the union of ail K e 15 h is O and such that two different K,K' €^S h either are mutually disjoint or have just one common vertex or an entire side in common (h is the usual mesh size). Such a set lS h will be called the triangulation of Q and we shail always assume that 7S h is consistent with I\ and F 2 , Le., that the interior of any side of any K e Jj h is disjoint with F o .
Remark 2.1: We can identify any triangulation with a connected planar graph, for which the well-known Euler's formula holds (see e.g. [3] , Lemma 4.5). This formula has in our case the form where N, S, and E are the number of vertices, sides, and éléments (convex polygons) of the triangulation, respectively, and H is the number of the holes in Q (cg. S = 44, N = 21, E = 24, H = 0 for the triangulation in figure 1 in the end of Section 2). Now, let X h be a fmite-dimensional subspace of H l (Q) such that for any , the set R,A.I.R.O. Analyse numérique/Numerical Analysis is some space of polynomials and
The conforming primai finite element method consists in minimizing the functional (2.3) over some finite-dimensional space V h <= F, which can be defined as (see [4] )
To construct the space of finite éléments for the conforming dual (equilibrium) fmite element method, we first introducé an auxiliary space
and prove an important Theorem 2.1. We shall dénote by curl W the space of the rotations of all the functions from W. Le.
We shall often use also the symbols curl 7
which will have an analogical meaning. Convention : Up to the end of Section 3, let us assume that F^and F 2 are connected sets. (The gênerai case will be discussed in Section 6.) THEOREM From the above convention we see that Q is either simply connected or doubly connected (in which case I\ = dQ 0 , F 2 = dQ 1 or r l = dCl l9 F 2 = 3Q 0 ). Using (2.13) and the fact that q T v = 0 on F 2 , we get that (1.5) holds. Thus there exists SLW e H 1 (Q) unique apart from an additive constant (this constant will be chosen later) such that q = curl w. Write s = (v 2 , -v t )
T and let F 2 ^ 0 . By the définitions of grad and curl, and by (2.7), (1.3), and (1.4) we see that, for any v e V n <ê °°(Q) 5 since v = 0 on F 1 . Therefore, for any Une segment (p c F 2 , ôs i.e., the derivative of the function y 0 w/<p is zero in the sensé of distributions.
Since the trace y 0 w of the function from H 1 (Q) cannot have a discontinuity of the first order and since T 2 is connected, we conclude that w is a constant on F 2 . Hence, we choose w to be zero on F 2 . So, q e curl W.
Conversely, let w e W and let v e V n ^(Q). As in (2.14) we can obtain that
but the intégral vanishes, since w = 0 on F 2 . From (2.7) and from the density of V n % °°(Q) in V, we have curl w e Q. m Finally, we can define the space of equilibrium fmite éléments (of heat flows) as
Fhe fînite element approximation of the dual problem consists in finding p h which minimizes the functional (2.6) over the space Q h . The vector p + p h is considered to be the solution of this problem. The inclusion Q h ci Q desired for the conformity of the finite element method follows from (2.11), (2.15), and Theo rem 2.1.
It has been proved in [13] that the dual finite element approximation constructed by the linear triangular éléments converges to the solution of the dual problem without any regularity assumptions. In rather another way we prove now an analogical resuit, even when the space Q h contaîns only piecewise constant fonctions or if ^G h contains e.g. rectangles etc. THEOREM 
where C > 0 is a constant independent on h. m R.A.I.R.O. Analyse immérique/Numerical Analysis Remark 2.2 : A sufïîcient condition for the density assumption in Theorem 2.2 is (see e.g. [4] ) the regularity of the corresponding family { V h } of triangulations, the validity of (2.9) and the existence of one (or a finite number) référence element to which ail éléments are affine-equivalent. 
Let us further note that the rate of the convergence of the primai and the corresponding dual approximation need not be always the same, since the smoothness of the solutions of the primai and dual problem can considerably differ (e.g. for composite materials). for all w\ w> eV h n W h . Let us still emphasize that a simultaneous knowledge of the solutions obtained by the conforming primai and dual finite element method is advantageous for a posteriori error estimâtes, for two-sided bounds of energy and for utilizing the hypercircle method -see [7, 11, 20] , Remark 2.5: We shall describe a way of fïnding some p e Q( ƒ g) (see (2.6)) in practical cases. Let us defïne X9 x 2 ) = (-[ 'jfe, x 2 ) dÇ, oY , (x l9 x 2 ) T G Q ,
F(x
where ƒ = ƒ in Q and ƒ = 0 in IR 2 -Q. Let Q' c Q be an arbitrary domain, which Jias a Lipschitz boundary with the outward unit normal v', such that F 2 a Q'. Let all the functions occurring below be sufïïciently smooth so that the corresponding symbols have the correct sensé. We put
where w is an arbitrary function with the tangential derivative Fig. 1 , the Dirichlet problem for the Laplace équation Au = div grad u = 0 is considered (we can put hère p = 0). Choosing the space W h of piecewise linear functions, we get by Lemma 2.1 that dim Q h =dim W h -1 = N -1 =20, Le., the order of the flexibility matrix is 20, while in [7] 44 " degrees of freedom " for generating the constant heat flow field have been used. But these degrees of freedom are dependent with one constraint on any triangle. For the piecewise linear heat flow field 88 (= 2 S) dependent degrees of freedom have been used, while dim Q h -S + AT -1 = 64 for W h composed of quadratic éléments. The Dirichlet boundary condition in [7] was as follows : ü = 900 (°C) on the axis x 2 and ü = 1,500 (°C) on the remaining part of dQ, i.e. no ü e H 1 (ü) exists with such a trace (it is the case of the non-integrable gradient field). Nevertheless, we have tried to use the linear equilibrium finite element method for computing the heat flow field. The values obtained by the intégration of this field from the origin along the axis x x are shown in Table 1. TABLE 1 Température on the axis x 1 Linear equilibrium finite element model
The triangulation in figure 1 with P = 24 triangles, dim Q h = 64 The triangulation refined by midlines, P -96, dim Q h -224 Calculation by [7] , P = 24 (the values have been measured from a graph) 
CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR THE LINEAR ELASTICITY PROBLEM
find u -(u lf u 2 f so that holds almost everywhere in Q.
The dual variational formulation of this classical linear elasticity problem consists (see [12, 20] ) in minimizing the functional of complementary energy 1 is the fourth order tensor from the linear inverse Hook's law (for details see [20] ) and the bilinear form b is (L 2 (Q))s ym -elliptic with regard to (3.2). Further,
where V is defîned by (2.4), and let the compatibility condition ttu)o + < 0. Yo » >en = 0 VreP hold in the case F 2 -0, where P is defîned by (1.11). It is known [5, 20] that T(f, g) is a non-empty affine closed manifold of (L 2 (Q))* m , and x e T(/ g) iff Div x = -ƒ in Q and xv = 0 on F 2 . These équations of equilibrium can be obtained also by (1.7) and (1.9). As in Section 2 or in [12] , the dual formulation of (3.1) can be transformed into the following problem.
Given ö e T(f, g) fixed, fînd a which minimizes the functional
over the space ;n)|(x,e(i;))o=0 Vi;e^}. (3.5)
The stress tensor a + â is considered to be the solution of the dual formulation of (3.1) and, to any ö G T(ƒ #), there exists exactly one solution a. Using the operator (1.10), we can find some particular solution â of the équations of equilibrium as in Remark 2.5. Therefore, the well-known orthogonal décomposition (see [20] ) of the space of symmetrie stresses into the closed subspaces of equilibrium and compatible stresses (for the identical tensor B) will be now of the form
We shall use this conséquence of Theorem 3.1 in Section 4. Ñ ext, let Y h be a finite-dimensional subspace of H 2 (Q) such that for any e "G h the set
PK = { vJK \v h eY h }
is the space of piecewise polynomial functions and P K 3 P 2 (K)> Due to Theorem 3.1, we can define the subspace of T of equilibrium finite éléments of stresses as
where Z h = Y h n Z. The finite element approximation of the dual formulation of (3.1) will now consist in finding a a h which minimizes the functional (3.4) over the space T h . THEOREM 
: Let { Z h } be a system of finite element subspaces of Z such that the set U Z h is dense in Z (with the topology of H 2 (Q)). Then
Proof: By Theorem 3.1 there exists 1 e Z such that a = p(z). Using Cea's Lemma and (3.7), we obtain pl|o-oj| 0 < inf ||a-Tj| 0 = inf II P©-p(^) || 0 = in f |"5 -^| 2 -^0 where c > 0 is a constant independent of h. Then the following a priori error estimate can be derived by an analogical procedure as in Remark 2.3:
Proof: Clearly, dimZ,, ^ dim T h by (3.7). Let p(z) = 0 for some zeZ h , i.e., ô lx z = ô l2 z -d 22 z = 0 on any K e T5 fc . Hence, z is linear on any K and since z e H 2 (Ç1\ we have z e P^Q). As dim P^Q) = 3, we get the fîrst part of the lemma for T 2 
(Q).
Note that the approximation of the primai formulation of (3.1) consists in minimizing some quadratic functional over the space (V h ) 2 which is in 2 . Therefore, the comparison of the orders of the stiffhess and flexibility matrices of the primai and dual approximation of (3.1) cannot be correctly performed(like in Section 2). But we shall show an interesting example.
For simplicity, let 15 h contain only triangles and let the whole space Y h be generated only by the Hsieh-Clough-Tocher element, which is uniquely determined (see [4] ) by three degrees of freedom of each vertex and by one Since p(Y h ) contains piecewise linear stresses, it is reasonable for comparison to choose the space (X h ) 2 with piecewise quadratic displacements on the same triangulation 15 h (see also [1] ), For the most common quadratic element which is uniquely determined by degrees of freedom of each vertex and of the midpoint of each side, we get
Using (3.9) and (3.10), a simple considération leads now to the fact that h < dimTCF^jnnlpieralrEŵ idth of the band of the flexibility matrix less than for the stiffness matrix. Moreover, the displacements of (V k ) 2 are quadratic on any K e T^, while the stress tensors of T h are piecewise linear on any K which is composed of three subtriangles. The conforming methods using this composed element are presented in [10, 12] .
Some non-conforming methods, where the equilibrium équation or the symmetry of the stress tensor is satisfied only approximately, are described in [15, 25, 26, 27 ].
CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINITE ELEMENTS FOR THE BIHARMONIC PROBLEM
For simplicity, we shall consider the biharmonic problem only with the Dirichlet boundary condition (the bending problem for a clamped plate). Given ƒ e L 2 (Q), find z such that
The dual variational formulation of this classical problem consists (see [2] ) in minimizing the functional Let us note that by Green's theorem we get
The previous problem can be equivalently formulated as follows.
, it is possible to choose X ll = X l2 = 0 in Q and Let us emphasize that if we choose the space i^h composed of piecewise linear functions, then M h will contain only piecewise constant functions (see also [14] ), while any conforming primai finite element method for the problem (4.1) demands more complicated functions from Z h a HQ(Q).
The finite element approximation of the dual problem will consist in finding X h which minimizes (4. Thus by Cea's Lemma we can get analogous convergence results as in Section 2 and 3, Le., if U ^ is dense in (ƒƒ ^Q)) 2 , then X h converge to X without any h regularity assumptions on X and there is a constant C independent of h such that 
It will be obvious from Section 6 that the above assumption of simple connectivity of Q is necessary.
CONSTRUCTION OF THE SPACES OF EQUILIBRIUM FINTTE ELEMENTS FOR THE STOKES PROBLEM
The homogeneous stationary Stokes problem of the motion of an incompressible viscous fluid in Q is classically formulated in the following way (see e.g. [4, 6, 8, 9, 18] ).
Given ƒ e (L 
57
We shall not be concerned with the way of finding p (for this see [4, 8, 9] ). The variational solution v of the problem (5.1) can be obtained [6] 
As a simple conséquence of Theorem 2.1 we get the following assertion (see also [18] ).
-
Proof: Let usU. Since Î7 c g for F 2 = ÔQ, there exists z e //Q(^) SO tri at (5 2 z, -^iZ) 7 = M. Thus zei/ 2 (Q) as w e (^(Q)) 2 . Conversely, if z e //o(^), then curl z e (//^(Q)) 2 and div curl z = 0 in Q, i.e. curl z eU. m Now, for a simply connected Q we can define the space of equilibrium finite éléments of velocities for the Stokes (or Navier-Stokes) problem as
where Z h is some space of finite éléments in HQ(Q\ i.e., velocities from U h are continuous and exactly divergence-free (see also [23] ). The finite element approximation of the above variational problem will consist in finding v h which minimizes J over the space U h <= U. Choosing the basis { z' } in Z h9 we see (as in Section 2) that { curl z l } is the basis in U h , Hence, v h can again be obtained by solving a system of linear algebraic équations.
For any ueü and u h e U h and to them corresponding z e HQ(Q) and z h eZ h , respectively, we have II « -«h 111 = II curl z -curl z h \\ 1 ^ || z -z h \\ 2 .
Hence, as in the preceding sections we can get the convergence of v h to the M. KRÎ2EK solution v e U in the norm ||. || l5 if U Z h is dense in HQ(Q) (see [4] and for Z h a HQ(Q) generated by éléments of suffîciently high order with respect to k (see (3.8) ).
APPENDIX
In this last Section, we shall investigate the problem of Section 2 without any assumption on the connectivity of T r and F 2 . Let us recall that the connectivity of F l5 F 2 guaranteed the existence of the stream function of any q e Q since (1.5) was fulfilled -see the proof of Theorem 2.1. But, in gênerai, we evidently need not get the existence of the (one-valued !) stream function of qeQ defined on a multiply connected domain Q. Before proving a theorem analogical to Theorem 2.1 for the gênerai case, we formulate an auxiliary lemma.
Let us note [3] that a graph is said to be a tree if it is connected and has no circuits. Every tree with m vertices has exactly m -1 edges. Marking with 0,..., m -1 the vertices and with 1,..., m -1 the edges of a treç in some way, we can associate this tree with the m x (m -1) incidence matrix B = (B tj ) whose rows and columns correspond to the vertices and edges, respectively, and whose entry B tj ^ 0 iff the^'th edge is incident with the fth vertex. For the present, we do not détermine the magnitude of B tJ ^ 0, but we only assume that m-X (this sum contains exactly two nonzero entries, as any edge is incident with two vertices). Proof : Using the fact [3] that any tree has at least two vertices of degree one (such a vertex is incident with just one edge), we can easily establish by induction on m that B has the maximum rank. Thus its columns are basis vectors in For the linear elasticity problem, we can obtain, due to Theorem 1.2, the results analogical to that of this section. But this is supposed to be the subject of next paper.
